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Abstract 

We investigate the role of undetermined finite contributions generated by ra¬ 
diative corrections in a SU{2) x SU{2) linear sigma model with quarks. Although 
some of such terms can be absorbed in the renormalization procedure, one such 
contribution is left in the expression for the pion decay constant. This arbitrariness 
is eliminated by chiral symmetry. 


Introduction 

In the process of perturbative computations in Quantum Field Theory, the regularization 
scheme is a crucial ingredient for dealing with the typical divergencies of physical ampli¬ 
tudes. The choice of regularization is usually made at the beginning of the calculation 
and in this case objects like differences between integrals of the same superhcial degree 
of divergence are automatically hxed (e.g. in dimensional regularization, Pauli-Villars 
regularization, etc.). 

Following ideas put forward by Jackiw P we chose to leave undetermined until the end 
of calculations these apriori arbitrary (regularization dependent) constants which emerge 
in the present case from the difference of two logarithmically divergent integrals. In this 
context an adequate regularization scheme is Implicit Regularization (IR), proposed in 
j2], since all divergencies are displayed in terms of primitive divergent integrals without 
external momentum dependence, for which it is not necessary to explicitate a regulator. 
The hnite integral contributions to a physical amplitude are then twofold; the ones whose 
integrands depend on external loop momenta and are integrated as usual and those which 
result from the difference of integrals with the same degree of divergence. According 
to renormalization theory the latter emerging arbitrary local terms correspond to the 
addition of hnite counterterms in the Lagrangian, which may be always added as long as 
they comply with the underlying symmetries of the Lagrangian. 

The IR method has been sucessfully applied in i-0. corroborating and elucidating 
results in the literature for the case of CPT violation in extended QED, topological mass 
generation in 3-dimensional gauge theories, the Schwinger model in its chiral version, and 
also the Adler-Bardeen-Jackiw anomaly is consistently treated by the method. It has been 
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recently extended to massless supersymmetric theories (Uj. The present work is a simple 
example of the use of the method in a model with strong phenomenological content. We 
show that although most of the arbitrary contributions which appear in the calculation 
can be absorbed by renormalization, chiral symmetry is required to eliminate the one 
which would have direct phenomenological consequences on the pion decay constant. 


1 The implicit regularization technique 


In the present section we illustrate the relevant technical details of IR by working out 
explicitly a one-loop Feynman amplitude. Consider the pseudoscalar-pseudoscalar ampli¬ 
tude 



where the symbol A stands for a regulator which doesn't need to be explicitated, but 
which is necessary to give a meaning to Then one is allowed to manipulate the 

integrand algebraically. We do it in such a way that the divergencies appear as integrals 
and separated from the hnite (external momentum dependent) contribution to eq. (|Tjl . 
After taking the Dirac trace, we use the following algebraic identity 


2k ■ p — 


{k — py 




kP'— m? [{k — pY — m?]{kP 




( 2 ) 


at the level of the integrand. Note that it allows one to conhne the external momentum 
dependence in fully convergent integrals, since this relation can be used recursively until 
the hnite part is completely separated from divergent integrals. We get 


= -2 


— ip 


dPk 


J (27r)^ k'^ — mP 
d^k 1 


-h i 


d'^k 


(27r)^ {k — py — mp 


(27r)"‘ — rrP) [{k — py — m^] 


( 3 ) 


The hrst integral on the RHS is what we call a basic quadratic divergence 



d‘^k 1 

(27r)‘^ 


( 4 ) 


The second integral on the RHS is also a quadratic divergence, but it still possesses an 
external momentum dependence. If one uses 0, one sees that an arbitrariness emerges 


T(p^, rrP) 


d^k 1 
(27r)"^ {k — py — mP 


IgirrP) +p^p''/\^y , 


( 5 ) 


where 

^ . f d^k Pk^^k'^ . f d^k 

(27r)4(P-m2)3 V (27r)4 (F - m2)2 “ 

i.e., the difference between two logarithmically divergent integrals. In dimensional and 
Pauli-Villars regularizations, we would get zero for a, which is independent of the masses 
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in the integrals as it has been shown in The third term in eq. © is logarithmically 
divergent. Using the prescribed method we write the integral as 


i 


= i 


d^k 

(27r)^ 

d^k 


1 

— m^) [[k — pY — rn?] 



+ Zo{m\p^-XY 


d^k 1 
(27r)^ — m'^Y 


/V / 2 2 2 \ 

Zo{m ,p ;m ) 


(7) 


where again we separated another basic divergent integral 


2^ . r d^k 1 

hog{m )-zJ ^27r)4 (fc2 - m2)2 ’ 


( 8 ) 


and a hnite contribution 


ZoimYpYX^) 


1 

(47r)2 


1 

J dz In 
0 


f p‘^z{l — z) — w?\ 

\ ; ■ 


(9) 


Note that in the above expression © an arbitrary scale has been introduced through 
the relation 

Ilog{m ) = Ilog{X ) + (^) ' 

and it becomes clear that the hnite term in m parametrizes the freedom that one has of 
an arbitrary constant, when separating divergent from hnite contributions. The arbitrary 
scale will be hxed by the choice of a renormalization point. 

Finally we obtain that 


= 2 2Ig{mY +p^a-p^ (jiog{XY + Zo{rrY 
Analogously one hnds for the scalar amplitude 


nSS’(p 2 ) = { f 

JA 


d^k 


Tr 


Ia{ 27 iY [ — m)(^ — — m) j 

the following expression 

= 2 2Iq{rrY) +p^a + {ArtY - pY (^Iiog{XY + A^)) 


( 11 ) 


( 12 ) 


(13) 


2 The model 


We start with the following generating functional of the SU{2) x SU{2) linear sigma model 
with fermions jlj and follow closely [Hj 


^ = / n exp {iS{q, q, cxo, tto)) 

with the action 

S'(g,g,cro,7ro) =y d'^x 


(14) 


Lnjl - ^ Tr (cTo + nlY + Tr (mocro) 


^ Tr {df,aod^^ao + d^iTodf^TTo) 


(15) 
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where Latjl stands for the Nambu - Jona-Lasinio Lagrangian jU] in semibosonized form 

BDI 

Snjl = j 

with the Dirac operator given by 

D = i^-5(o(cro + i75vro). (17) 


qDq - ^ Tr + vr^) 


(16) 


The notation is as follows. The index 0 stands for bare quantities, the scalar cxo is a 
SU{2) flavor singulet and the pseudoscalar tiq = TTojTj is a flavor SU (2) triplet with r* being 
the usual Pauli matrices. The explicit symmetry breaking term is introduced through the 
term linear in the scalar held, with a factor which would correspond to the symmetry 
breaking pattern of the NJL Lagrangian [S]; rho is a diagonal matrix with current quark 
masses rhou = mod- To hnish bosonization one integrates over the quadratic fermionic 
Lagrangian 

J VqVq exp J d^xqDq^ = exp (In | det De\) = exp ^ Tr ln(D^D£;)^ , (18) 

where Tr designates functional trace and De stands for the euclidean Dirac operator and 
we chose the chiral invariant representation for the real part of the fermionic effective 
action nn-pi. 

As the vacuum expectation value of the scalar held acquires a hnite value, one has to 
shift (To —(Jo + m/go to dehne the new vacuum. Here m denotes the constituent quark 
mass of light quarks m = = m^. Then we obtain 


D^eDe = m^-d‘^ + Y 


with [Hj 


y = igo7iM{d^,ao + zqs^^vro) + gl 



leading to the expansion 


Tr In D^eDe = 


OO 

E 

n=l 


(- 1 ) 


n+1 


Tr 


n 


-df, + m 


2)-ly 


( 19 ) 

( 20 ) 


( 21 ) 


The gap equation is obtained by considering the n = 1 term in eq. inj and the linear 
contributions in ao from the remaining terms of the bosonized action after the mass shift. 
We get 

^(m — mo) — 8NcmL{m‘^) + = 0 , ( 22 ) 

% 9o 

where Ig has already been dehned above. The n = 2 term in the expansion contains 
all the other divergent contributions which go up to four-point functions. In performing 
calculations there appear the two basic divergent integrals Ig and Iiog, eqs.(jH) and (jHl), as 
well as the difference between two logarithmically divergent integrals, a, eq. For our 
purposes it suffices to focus on the radiative corrections related with the mass and kinetic 
terms. In the following we need the held renormalization constants. The amplitudes 
m and m are, up to havor and color trace factors, the radiative corrections with two 
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external fields obtained from the n = 2 term of (ED). One expands them to second order 
in to extract the contribution to the mesonic kinetic terms. The remaining terms of 
the expansion are included in the dehnition of the meson masses. In this way one obtains 
the held renormalizations for the scalar and pion hleds in the form 

z ;\ m , A^) = /2 - ^ ^ Q. ^2) _ 4^2^/^^2^ Q. ^2)^ ^ ^23) 

Z;\m, A^) = fl - m,gl {hogiX^) -a + Zo{m\ 0; A^)) , (24) 

where Z^ represents the derivative with respect to the external momenta squared of Zq, 
taken at = 0. The renormalized coupling constants A^) and g-K{m, A^) are 


9l 


gl{m, A2) 


= (m, A ) 


(25) 


9l 


p2(m, A2) 

The renormalized masses /io-^ 7 r(^, A^) become 


= (m,A ). 


(26) 


Z^^^{m, A^) 




= Po - SN^gllgim'^) 

- ANcglim ± mf (/zog(A^) + Zo(m^ 0; A^)) 

+ 2^(2m^ ± m^) 

9o 

where goes with the plus signs. 

We obtain the renormalized quartic coupling Xq as 


(27) 


A„ 


gl{m,X^) 4 


^ - 4]VJ,„,(A") 


(28) 


Note that all ambiguities a appear in the held renormalization coefficients. In principle 
they could assume diherent values for the diherent processes. Chiral symmetry restricts 
them to have the same value, as we shall see below. Finally we use the gap equation (El 
in order to eliminate the quadratic divergencies in the expressions for the renormalized 
masses /i^ ^^.(m, A^), eq. (P7|>- It is possible to dehne a renormalized coupling (physical) 
related with the current quark mass as in jH] 



glim, A2) ■ 


With these dehnitions we obtain the ehective action 


(29) 


S' {ao + m/go,'Ko) 


Skin T SfYiass + S, 


inti 


(30) 


with the kinetic piece 


Skin = / <rx 




m, A^) d^aod^^ao 


+ Z. 


-1 


[m, A^) (df,n^d>^7r^ + 28^,71 ^) 


(31) 
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and the mass terms 




(Tx 


Ml{m, 


)al + Ml{mA^)Unlf + 2ntn, 


(32) 


The interaction terms do not involve the ambiguity a, as opposed to the calculated 
radiative corrections with two external helds and 11'^'^ (p^). This is due to the 

fact that after taking the Dirac trace in m the interaction terms are from the start 
at most logarithmically divergent. Recall that ambiguities emerge from the presence of 
quadratic divergencies with external momentum dependence at the initial stage ©• Since 
the interaction Lagrangian remains unchanged as compared to the one obtained in jH] , we 
do not write it out here. 

Now we display the renormalized propagators for the pious and scalar mesons 


=p‘^ - ^^l + 4:NcglFfin{m,p‘^] A^) 

=p^ - + 4:Ncgl^fin{m,p‘^-, A^) 

with the hnite momentum dependent contributions 

X^) = -p^ \Za(m^,p^; X^) - Z„(m^, 0 ; A^) 


^fm(m,P\X'^) = (4m^ - p^) (Zo(m'^p^; A^) - Zo(m^,0; A' 
— 4m^p^Zo(m^,0;A^), 


(33) 

(34) 

(35) 


(36) 


where use has been made of the normalization conditions 


A;i(o) = 

dp"^ 

At the scale A^ = m? one has Zo(m^,0;m^) = 
doscalar masses as zeros of these propagators 


-P 


2 

7r,C7 


p2=0 
= 0 . 


= 1- (37) 

We obtain hnally the physical pseu- 


ml = pI- ANcglFfinim, ml; A^) 

ml = pI- m^glEfinim, ml; A^) (38) 


At the physical meson masses we obtain the following pseudoscalar quark couplings 

dFfin{m,p^;X^) 


9 nan — 9 tt'^ + 4iVc 


9aqq = 9a + 


dp^ 

dT,fin{m,p‘^, A^) 


(ip2 


9 9 ? 

p^=m^ 


p2=m2 


(39) 


3 Coupling to external fields 

In order to evaluate the pion weak decay constant /p-, one introduces the axial current as 
an external classical held. In the present framework it appears in a generalized expression 
for the Dirac operator, now containing the vector and axial vector held [13 Cni; 
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the relevant terms for the calculation of are extracted after introducing the covariant 
derivative for the pion 


C TTl \ 

ffo ^ V j “ tn. ^oi. 


(40) 


in Y, eq. (pn|) and in the kinetic terms 

f‘^ Tn 

^TrV^TToV^TTo ^ -fl-A^d^T^o. 

^ 9o 

The expression for the pion decay constant is related to the coefficient of 
where the physical pion held is introduced through 

vro = 

9o 


and reads 


u = 


9o 


fo - 4:N^9 o ml] A^)) 


(41) 


Note that the contribution of the radiative correction to does not involve the ambiguity 
a, as opposed to the other radiative corrections with two external helds and 

11'^'^(p^). This is again due to the fact that the Dirac trace renders the expression for the 
pseudoscalar-axial bubble 11^"^ logarithmically divergent 


Using eq. (1^ 


ttPA _ _ • f __ 

^ J (27r)4(P-m2)p-p)2-m2] 


(42) 


l-^ = 4N,gl fZo(m^ ml] A^) - Zo{m^, 0; A^) 

mi L 


(43) 


together with eqs.(j21I) and (EHD in eq. m one gets 


u = 


= m 


9nqql^-n 

9lml 


Y Oi 


(44) 


where a' is related to a by 

a' = -ANjng-^qqa. 

It is now obvious that a' must be zero, given the Goldberger-Treiman relation, valid in 
the chiral limit 

S'vt/tt = rn. (45) 

This relation is obtained from (liil) with a' = 0, since in the chiral limit as can 

be seen from pK]) and g.„qq = from (jSHl)- 
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4 Conclusion 


In this contribution we extended the work presented in [S] in a way as to leave open 
until the end of the calculations all arbitrary hnite constants related with differences of 
divergent integrals of the same degree of divergence. This is possible using the implicit 
regularization technique, in which the divergent content of any amplitude is rendered 
strictly independent of the external (physical) momenta. It turns out that renormaliza¬ 
tion absorbs some of the arbitrary constants, while chiral symmetry hxes the arbitrary 
parameter appearing in the pion decay constant to be zero. 
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